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p-ADIC BANACH SPACE REPRESENTATIONS OF SL2(Qp)
DUBRAVKA BAN AND MATTHIAS STRAUCH
Abstract. Let F/Qp be a finite extension. This paper is about continuous admissible p-
adic Banach space representations Π of G = GLn(F ) and their restriction to H = SLn(F ).
We first show that the restriction of any such absolutely irreducible G-representation decom-
poses as a finite direct sum of irreducibleH-representations. Then we consider the restriction
to SL2(Qp) of certain p-adic unitary Banach space representations of GL2(Qp), relying on
the work of Colmez and Colmez-Dospinescu-Pasˇku¯nas. It is shown that if Π is associated to
an irreducible trianguline de Rham representation with distinct Hodge-Tate weights, then
Π|H decomposes non-trivially if and only if this is true for the subrepresentation (Π
lalg)|H
of locally algebraic vectors.
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1. Introduction
Let F/Qp be a finite extension. L-packets of smooth representations of H = SLn(F )
consist of the irreducible constituents π1, . . . , πr of the restriction of a smooth irreducible
representation π of G = GLn(F ) to H , cf. [18, 2]. In the emerging (local) p-adic Langlands
program (cf. [9, 12, 7, 6], to name just a few) the role of smooth representations is mainly
played by continuous representations on p-adic Banach spaces.1 It is thus a natural problem
to study the restriction Π|H of an admissible irreducible p-adic Banach space representation
Π of G. A first result which uses the general theory of Schneider-Teitelbaum [25] and some
elementary arguments is
Proposition 1.1.1. (2.1.3, 2.1.4) Suppose the admissible Banach space representation Π of
G has a central character.2 Then the following statements hold.
(i) Π|H decomposes as a finite direct sum of closed H-stable subspaces Π1, . . . ,Πr, each of
which is an irreducible admissible representation of H.
(ii) If the subspace Πlalg of locally algebraic vectors is non-zero, and if Π1, . . . ,Πr are as
in (i), then
(Πlalg)|H = (Π1)
lalg ⊕ . . .⊕ (Πr)
lalg . 
We point out that the H-representations (Πi)
lalg are not necessarily irreducible, even if
the G-representation Πlalg is irreducible (cf. 1.1.3 below).
In sections 3 and 4 we consider the case when G = GL2(Qp) and H = SL2(Qp). Theorems
of Pasˇku¯nas [23, 1.1], Colmez-Dospinescu-Pasˇku¯nas [12, 1.4], and Abdellatif [1, 0.1, 0.7] imply
that Π|SL2(Qp) can have at most two irreducible constituents, cf. 4.1.1.
Our next aim is to clarify the relation between the irreducible constituents of Π|SL2(Qp)
and that of Πlalg|SL2(Qp), provided the latter space is non-zero. Denote by GQp the absolute
Galois group of Qp. We then have
1Though smooth representations do retain their significance, cf. below.
2This is the case when Π is absolutely irreducible, by [14, 1.1].
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Theorem 1.1.2. (4.2.5) Let ψ be an absolutely irreducible 2-dimensional trianguline de
Rham representation of GQp with distinct Hodge-Tate weights. Let Π = Π(ψ) be the absolutely
irreducible admissible Banach space representation of GL2(Qp) associated to ψ via Colmez’
p-adic Langlands correspondence.
Then Π|SL2(Qp) is decomposable if and only if (Π
lalg)|SL2(Qp) is decomposable. In this case,
Π|SL2(Qp) has two irreducible non-isomorphic constituents Π1 and Π2. Furthermore, the
representations (Π1)
lalg and (Π2)
lalg are the irreducible constituents of (Πlalg)|SL2(Qp), and
they are not isomorphic. 
We sketch the proof here. It is known that Πlalg = Πalg ⊗ π with a finite-dimensional irre-
ducible algebraic representation Πalg and a smooth representation π. If Πlalg is decomposable,
then π must be a principal series representation whose restriction to SL2(Qp) decomposes.
This happens only in a very special case, and in that case one can show that the restriction
to SL2(Qp) of the locally analytic representation Πan decomposes too. This finishes the proof
because the universal completion of Πan is Π, cf. [11, 0.2].
Remark 1.1.3. There are absolutely irreducible 2-dimensional de Rham representations
ψ which are not trianguline and for which Πlalg|H has four irreducible constituents, and
therefore more irreducible constituents than Π|H (cf. 4.2.7 for more details). We are currently
trying to determine the irreducible constituents of Π|H in this case.
In the case of smooth representations the cardinality of L-packets for SLn(F ) can be
computed via component groups of centralizers of projective Weil group representations.
We consider the same problem in the context of 1.1.2.
Proposition 1.1.4. (4.3.10) Let E/Qp be a finite extension, and let ψ : GQp → GL2(E)
be an absolutely irreducible trianguline de Rham representation with distinct Hodge-Tate
weights. Denote by ψ : GQp → PGL2(E) the corresponding projective representation. Let
Sψ be the centralizer in PGL2(E) of the image of ψ. Then Sψ is finite and its cardinality is
equal to the number of irreducible constituents of Π(ψ)|SL2(Qp) (which is one or two). 
In section 5 we consider how restricting Banach space representations from GLn(F ) to
SLn(F ) relates to the theory developed by C. Breuil and P. Schneider in [6, sec. 6]. There
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they consider a connected split reductive group G3, and they associate to a pair (ξ, ζ), con-
sisting of a dominant algebraic character ξ of a maximal torus T ⊂ G and an E-valued point
ζ of the dual torus T′, a Banach space representation Bξ,ζ of G(F ). This representation they
conjecture to be non-zero if the pair (ξ, ζ) is admissible in the sense that there are crystalline
Galois representations γν,b into the dual group G
′ which have ”Hodge-Tate weights” given
by ξ and such that the semisimple part of the Frobenius action is given by ζ , cf. [6, 6.3]
for a precise statement. In the case of GLn and SLn, the non-vanishing of Bξ,ζ for GLn(F )
should imply the non-vanishing of Bξ,ζ for SLn(F ), and this is what we show in 5.1.2.
1.2. Acknowledgements. We would like to thank Jeffrey Adams for some valuable remarks
regarding L-packets. The work on this project was supported in part by D.B.’s Collaboration
Grant for Mathematicians and we thank the Simons Foundation for their support.
1.3. Notation. Let Qp ⊆ F ⊆ E be a sequence of finite extensions, with the rings of integers
Zp ⊆ OF ⊆ OE . We fix a uniformizer ̟F of F and denote vF : F× → Z the normalized
valuation (i.e., vF (̟F ) = 1). Let q = p
f be the cardinality of the residue field of F , and
denote by | · | = | · |F the absolute value specified by |x| = q
−vF (x). From Section 3 on we
assume that E contains a square root of q.
All representations on Banach spaces are tacitly assumed to be continuous. Such a rep-
resentation is called unitary if the group action is norm-preserving. If V is an E-Banach
space representation of G, we denote by V an the subspace of locally analytic vectors of V .
Similarly, V sm is the subspace of smooth vectors and V lalg is the subspace of locally algebraic
vectors of V .
Given a parabolic subgroup P of G, with Levi decomposition P = MU , we will use sev-
eral types of parabolic induction: iG.M(·) denotes the smooth normalized induction, ind
G
P (·)
the smooth non-normalized induction, and IndGP (·)
an the locally analytic non-normalized
induction.
The absolute Galois group of Qp will be denoted by GQp.
3which we take here in the introduction to be over F = Qp, for simplicity
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2. Restrictions of representations of p-adic Lie groups
2.1. Restrictions of admissible Banach space representations. Let G be a p-adic Lie
group [29, sec. 13], and let K ⊂ G be an open compact subgroup. Define
OE [[K]] = lim←−
N
OE [K/N ] and E[[K]] = E ⊗OE OE [[K]] ,
where N runs through all open normal subgroups of K. These are both noetherian rings,
cf. [25, beginning sec. 3]. An E-Banach space representation Π of K is called admissible if
the continuous dual Π′ = HomcontE (Π, E) is a finitely generated E[[K]]-module, cf. [25, 3.4].
In the duality theory of [25] (building on Schikhof’s duality [24]) it is important that Π′ is
equipped with the weak topology (topology of pointwise convergence), often indicated by a
subscript s, i.e., Π′s, though we will suppress the subscript in the following.
An E-Banach space representation of G is called admissible if it is admissible as a repre-
sentation of every compact open subgroup K of G. Admissibility can be tested on a single
compact open subgroup.
If Π is an admissible E-Banach space representation of G, then the map Π0 7→ Π
′
0 is
a bijection between the set of G-invariant closed vector subspaces Π0 ⊂ Π and the set of
G-stable E[[K]]-quotient modules of Π′, cf. [25, 3.5].
Proposition 2.1.1. Let G be a p-adic Lie group and H an open normal subgroup of G
of finite index. Let Π be an irreducible admissible E-Banach space representation of G.
Then there are closed H-stable subspaces Π1, . . . ,Πr of Π such that each Πi is an irreducible
admissible representation of H, and the canonical map Π1 ⊕ . . . ⊕ Πr → Π is a topological
isomorphism, i.e., we have an isomorphism
Π|H = Π1 ⊕ . . .⊕Πr
of E-Banach space representations of H. For each i ∈ {1, . . . , r} and each g ∈ G one has
g.Πi = Πj for some j ∈ {1, . . . , r}, and G acts transitively on the set {Π1, . . . ,Πr}.
Proof. Choose a compact open subgroup K ⊂ H . As Π is assumed to be irreducible, Π 6= 0,
and hence Π′ 6= 0, by [25, 3.5]. Therefore, Π′ contains proper H-stable E[[K]]-submodules
(e.g., the zero submodule). LetM be the set of proper E[[K]]-submodulesM ⊂ Π′ which are
H-stable. M is not empty, by what we have just observed. As Π is assumed to be admissible,
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the continuous dual space Π′ is a finitely generated E[[K]]-module. Given any ascending
ascending chain M0 ⊂ M1 ⊂ . . . in M its union is again a proper H-stable submodule, and
thus an upper bound in M. Zorn’s Lemma implies that Π′ contains a maximal H-invariant
E[[K]]-submodule M . The quotient Π′/M then corresponds to a topologically irreducible
closed H-subrepresentation Π1 of Π|H , namely Π1 = M
⊥ := {v ∈ Π | ∀ℓ ∈ M : ℓ(v) = 0}.
Because Π′/M is finitely generated as E[[K]]-module, Π1 is an admissible representation of
H .
For each g ∈ G, g.Π1 is an H-invariant closed vector subspace of Π. It is irreducible
as H-representation because if Π0 ( g.Π1 is a proper H-invariant closed subspace, then
g−1.Π0 ⊂ Π1 is a subspace of the same type, which must hence be zero. Let {g1, g2, . . . , gk}
be a set of coset representatives of G/H . Then
k∑
i=1
(gi).Π1
is a G-invariant subspace of Π. It is closed because it corresponds to the G-stable E[[K]]-
submodule
⋂k
i=1(gi).M . Hence, it is equal to Π, because Π is irreducible. We select a minimal
subset {gi1, gi2, . . . , gir} of {g1, g2, . . . , gk} such that
∑r
j=1(gij).Π1 = Π . We claim that this
sum is direct. Suppose that
(2.1.2) (gil).Π1 ∩
∑
j 6=l
(gij).Π1 6= 0 .
Then, as
∑
j 6=l(gij).Π1 is closed (by the same argument as above) and H-stable, and because
(gil).Π1 is topologically irreducible, the left-hand side of 2.1.2 must be (gil).Π1. This implies∑
j 6=l(gij ).Π1 = Π, contradicting the minimality. The map
⊕r
j=1(gij ).Π1 → Π is thus a
continuous bijection, and hence a topological isomorphism [32, 8.7]. 
Corollary 2.1.3. Let Π be an irreducible admissible E-Banach space representation of the
group GLn(F ). Assume that Π has a central character.
4 Then there are closed H-stable
subspaces Π1, . . . ,Πr of Π, each of which is an irreducible admissible E-Banach representa-
tion of SLn(F ), and such that the canonical map Π1 ⊕ . . .⊕ Πr → Π is an isomorphism of
topological vector spaces. The group GLn(F ) acts transitively on the set {Π1, . . . ,Πr} as in
2.1.1.
4This is the case when Π is absolutely irreducible, by [14, 1.1].
p-ADIC BANACH SPACE REPRESENTATIONS OF SL2(Qp) 7
Proof. Let Z be the center of GLn(F ) and H = ZSLn(F ). Then H is an open normal
subgroup of GLn(F ) of finite index. The statement now follows from 2.1.1. 
Proposition 2.1.4. Let Π be an irreducible admissible E-Banach space representation of
GLn(F ) which has a central character. Suppose that the subspace of locally algebraic vectors
Πlalg is dense in Π. Write Π = Π1 ⊕ . . .⊕Πr as in 2.1.3. Then for each i, the set (Πi)
lalg is
dense in Πi, hence non-zero, and
(Πlalg)|H = (Π1)
lalg ⊕ . . .⊕ (Πr)
lalg .
Proof. Consider v ∈ V lalg and write it as
v = v1 + . . .+ vk with vi ∈ Πi .
Because the projection map Π→ Πi, i = 1, . . . , r, is continuous and H-equivariant, it follows
that that vi ∈ (Πi)
lalg, for all i. This shows the inclusion ”⊆”. Because we assume Πlalg to
be non-zero, the central character must be locally algebraic. But then any vector in Πlalgi is
locally algebraic for ZH (cf. proof of 2.1.3), and thus locally algebraic for G, which shows
”⊇”. 
2.2. Universal completions of restrictions of locally analytic representations. Let
G be a p-adic Lie group. We recall the notion of a universal unitary Banach space completion
as introduced by M. Emerton in [15, Def. 1.1]. Let V be a locally convex E-vector space
equipped with a continuous action of G, and let U be an E-Banach space equipped with
a unitary G-action. A continuous G-homomorphism α : V → U is said to realize U as a
universal unitary completion of V , if any continuous G-homomorphism φ : V → W , where
W is an E-Banach space equipped with a unitary G-action, factors uniquely through a
continuous G-homomorphism ψ : U → W . Here are some easy facts, cf. [15, sec. 1].
Remarks 2.2.1. (i) If it exists, the universal unitary completion U , together with the map
α : V → U , is unique up to unique isomorphism. We will henceforth denote it by V̂ u. The
map V → V̂ u, which we will call the canonical map, will be denoted by αV or α.
(ii) The map αV : V → V̂
u, if it exists, has dense image.
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(iii) The universal unitary completion, if it exists, is functorial. That is, if β : V → W is
a continuous G-homomorphism of locally convex E-vector spaces, and if V̂ u and Ŵ u both
exist, then there is a unique continuous G-homomorphism β̂ : V̂ u → Ŵ u such that the
diagram
V
β
//
αV

W

αW

V̂ u
β̂
// Ŵ u
commutes. And if γ : P → V is another continuous G-homomorphism from a locally
convex E-vector space P to V , and if P̂ u exists, then β̂ ◦ γ̂ = β̂ ◦ γ : P̂ u → Ŵ u.
Proposition 2.2.2. Let G be a p-adic Lie group, and V be a continuous representation of
G on a locally convex E-vector space. Suppose the universal unitary completion α : V → V̂ u
exists. Suppose V = V1 ⊕ V2 with closed G-invariant subspaces V1 and V2. Let ιi : Vi → V
be the inclusion, and let pri : V → Vi be the corresponding projection (i = 1, 2).
(i) Let α(V1) be the closure of α(V1) in V̂
u, and denote by α1 : V1 → α(V1) the restriction
of α to V1. Then α1 : V1 → α(V1) realizes α(V1) as the universal unitary Banach space
completion of V1.
(ii) Let V̂1
u
and V̂2
u
be the universal unitary completions (which exist by (i)). Then the
maps ι̂1+ ι̂2 : V̂1
u
⊕ V̂2
u
→ V̂ u and p̂r1⊕ p̂r2 : V̂
u → V̂1
u
⊕ V̂2
u
are mutually inverse topological
isomorphisms.
Proof. (i) Let φ : V1 → U be a continuous G-homomorphism to an E-Banach space U . Let
ι1 : α(V1) → V̂
u be the inclusion and define φ˜ = φ ◦ pr1 : V → U . Because V
α
−→ V̂ u
is a universal unitary completion of V , there is a unique continuous G-equivariant map
ψ˜ : V̂ u → U satisfying ψ˜ ◦ α = φ˜. Set ψ = ψ˜ ◦ ι1 : α(V1) → U . We then obtain ψ ◦ α1 =
ψ˜ ◦ ι1 ◦α1 = ψ˜ ◦α◦ ι1 = φ˜◦ ι1 = φ◦pr1 ◦ ι1 = φ. The situation is summarized in the following
diagram
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V
φ˜
##
pr1

ed
α
RS✣✣✣✣
✣✣
✣✣
✣✣
✣✣
oo❵❵❵❵❵❵❵
V1
ι1
OO
α1 //
φ

α(V1)
ψ
zz✈
✈ ✈
✈
✈ ✈
ι1

U V̂ u
∃ ψ˜
oo❴ ❴ ❴ ❴ ❴
That ψ is unique follows from the fact that im(ι1) is dense in α(V1).
(ii) For i = 1, 2 we have pri ◦ ιi = idVi, and so p̂ri ◦ ι̂i = p̂ri ◦ ιi = îdVi = idV̂ ui
. On
the other hand, if i 6= j, then pri ◦ ιj = 0, and thus p̂ri ◦ ι̂j = p̂ri ◦ ιj = 0. This implies
(p̂r1⊕ p̂r2)◦ (ι̂1+ ι̂2) = (p̂r1 ◦ ι̂1)⊕ (p̂r2 ◦ ι̂2) = idV̂ u1
⊕ idV̂ u2
. Using part (i) we identify V̂i
u
with
α(Vi) and denote the canonical map Vi → V̂i
u
by αi. Because the formation of the universal
unitary completion is functorial, we have the commutative diagrams
Vi
ιi

αi // V̂i
u
ι̂i

V
α // V̂ u
V
pri

α // V̂ u
p̂ri

Vi
αi // V̂i
u
i.e., α ◦ ιi = ι̂i ◦ αi and αi ◦ pri = p̂ri ◦ α. And therefore
(ι̂1 + ι̂2) ◦ (p̂r1 ⊕ p̂r2) ◦ α = (ι̂1 + ι̂2) ◦ (p̂r1 ◦ α⊕ p̂r2 ◦ α)
= (ι̂1 + ι̂2) ◦ (α1 ◦ pr1 ⊕ α2 ◦ pr2)
= (ι̂1 ◦ α1 ◦ pr1) + (ι̂2 ◦ α2 ◦ pr2)
= (α ◦ ι1 ◦ pr1) + (α ◦ ι2 ◦ pr2)
= α ◦ (ι1 ◦ pr1 + ι2 ◦ pr2) = α
because ι1 ◦ pr1 + ι2 ◦ pr2 = idV . Applying the universal property of (V̂
u, α) to φ = α :
V → V̂ u shows that (ι̂1 + ι̂2) ◦ (p̂r1 ⊕ p̂r2) = idV̂ u . 
Proposition 2.2.3. Let G be a p-adic Lie group, and let H ⊂ G be an open subgroup of
finite index. Let V = (V, ρV ) be a continuous representation of G on a locally convex E-
vector space. Suppose the universal unitary completion V̂ u = (V̂ u, α : V → V̂ u) exists. Then
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the universal unitary Banach space completion V̂ |H
u
of the restriction V |H of V to H exists
and is equal to (V̂ u)|H .
Proof. Let φ : V |H → W = (W, ‖ · ‖W , ρW ) be a continuous H-homomorphism to a unitary
E-Banach space representation. Let IndGH(W ) be the E-vector space of all maps f : G→W
such that f(hg) = ρW (h).f(g). The group G acts on Ind
G
H(W ) by (g.f)(g
′) = f(g′g). We
equip IndGH(W ) with the maximum norm ‖f‖ = max{‖f(g)‖W | g ∈ G}, which is well-
defined, as [G : H ] <∞ and H acts norm-preserving on W . It is straightforward to see that
in this way IndGH(W ) is a continuous unitary Banach space representation of G. Define the
following maps
pr : IndGH(W )→W , pr(f) = f(1) , φ˜ : V → Ind
G
H(W ) , φ˜(v)(g) = φ(ρV (g).v) .
Then pr is a continuous H-homomorphism, and φ˜ is a continuous G-homomorphism:
φ˜(g.v)(g′) = φ(ρV (g′g).v)) = φ˜(v)(g′g) = (g.φ˜(v))(g′). Moreover, pr ◦ φ˜ = φ. Consider the
diagram
V
φ

φ˜
""❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊❊
❊
α // V̂ u|H
∃ ψ˜
✤
✤
✤
✤
✤
✤
ψ
||②
②
②
②
②
②
②
②
②
②
W IndGH(W )pr
oo
As φ˜ is a continuous G-homomorphism in the unitary representation IndGH(W ), there exists
a continuous G-homomorphism ψ˜ : V̂ u → IndGH(W ) such that φ˜ = ψ˜ ◦ α. Define ψ = pr ◦ ψ˜,
which is clearly a continuous H-homomorphism. Then ψ ◦α = pr ◦ ψ˜ ◦α = pr ◦ φ˜ = φ. That
ψ is unique follows from the fact, recalled above, that the image of α is dense in V̂ u. 
3. Restricting locally analytic representations from GL2(F ) to SL2(F )
In this section, G = GL2(F ) and H = SL2(F ). Denote by T the diagonal torus in G and
by P ⊂ G the group of upper triangular matrices. From now on, we assume that E contains
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a square root of q, which we henceforth fix once and for all, and denote by q1/2. Accordingly,
for any integer h we write |x|h/2 for (q1/2)−h·vF (x).
3.1. Smooth principal series. In this subsection, we review some well-known results about
reducibility of principal series representations of G = GL2(F ) and H = SL2(F ). Given
a smooth character χ : T → E×, we consider it as a character of P via the canonical
homomorphism P ։ T . Then we denote by iG,T (χ) the normalized smooth parabolic in-
duction. It consists of all locally constant functions f : G → E with the property that
f(pg) = δP (p)
1
2χ(p)f(g) for all p ∈ P and g ∈ G, where
δP
((
a b
0 d
))
=
∣∣∣a
d
∣∣∣
is the modulus character on P . Let TH = T ∩ H be the torus of diagonal matrices in H ,
which is isomorphic to F× via the map a 7→ diag(a, a−1). Given a character χ of TH we
define the normalized smooth parabolically induced representation iH,TH (χ) in exactly the
same way as above. Since δ
1
2 (diag(a, a−1)) = |a|, we see that iH,TH (χ) does not depend on
the choice of the square root of q that we fixed in the beginning.
Proposition 3.1.1. Let χ be a smooth character of TH . If the smooth normalized induced
representation iH,TH (χ) is reducible, then either χ(x) = δ
± 1
2
P or χ
2 = 1, χ 6= 1. More
specifically:
(i) The representation iH,TH (δ
1
2
P ) fits in the following exact sequence
0→ St→ iH,TH (δ
1
2
P )→ 1→ 0,
where St is the Steinberg representation and 1 is the one-dimensional trivial repre-
sentation. The above sequence does not split. The representation iH,TH (δ
− 1
2
P ) is the
smooth contragredient of iH,TH (δ
1
2
P ) and it fits in the following exact sequence
0→ 1→ iH,TH (δ
− 1
2
P )→ St→ 0.
(ii) If χ is a nontrivial quadratic character, then iH,TH (χ) is a direct sum of two inequiv-
alent absolutely irreducible components.
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Proof. The proposition follows from the discussion in [19, ch. 2, §3-5]. Although the rep-
resentations considered in [19] are over the complex numbers, the arguments, in particular
[19, statement 3, p. 164] applies also to E-valued principal series. It is assumed in [19] that
the residue characteristic is odd, but the properties of these representations (in particular,
their reducibility) also hold for residue characteristic two (see also [19, ch. 2, §8]). That the
irreducible constituents in assertion (iii) are inequivalent is [31, 1.2]. 
Proposition 3.1.2. Let χ1 ⊗ χ2 be a smooth character of T .
(i) The representation iG,T (χ1⊗χ2) is reducible if and only if χ1χ
−1
2 = | |
±1. If χ1χ
−1
2 =
| · |, then there is a smooth character δ such that (χ1, χ2) = (δ| · |
1
2 , δ| · |−
1
2 ) and
iG,T (χ1 ⊗ χ2) has δ ◦ det as a quotient and (δ ◦ det) ⊗ St as a subrepresentation. If
χ1χ
−1
2 = | · |
−1, then there is a smooth character δ such that (χ1, χ2) = (δ| · |−
1
2 , δ| · |
1
2 )
and iG,T (χ1 ⊗ χ2) has (δ ◦ det)⊗ St as a quotient and δ ◦ det as a subrepresentation.
(ii) If iG,T (χ1 ⊗ χ2) is irreducible, then iG,T (χ1 ⊗ χ2) ∼= iG,T (χ2 ⊗ χ1).
(iii) Suppose iG,T (χ1⊗χ2) is irreducible. Then its restriction to H is reducible if and only
if (χ1 ⊗ χ2)|TH is a nontrivial quadratic character.
Proof. (i) follows from [33, Proposition 1.11 (a)]. (ii) follows from [8, Theorem 6.3.11]. For
(iii), note that iG,T (χ1 ⊗ χ2)|H = iH,TH ((χ1 ⊗ χ2)|TH ) and apply Proposition 3.1.1. 
As quadratic characters on F× will play a significant role later on, let us recall how to
describe them. Any such character is determined by its kernel, which is a subgroup of F×
of index two. By Local Class Field Theory, these subgroups are precisely the norm groups
for the quadratic extensions of F , which in turn correspond to the non-trivial elements in
F×/(F×)2. For θ ∈ F× \ (F×)2, we define the quadratic character sgnθ on F
× by
sgnθ(x) =
 1 , if x is in the image ofNormF (√θ)/F ,−1 , otherwise.
3.2. Locally analytic principal series of GL2(F ) and SL2(F ). Let χ : T → E
× be
a locally algebraic F -analytic character. We will abuse notation and also write χ for the
restriction χ|TH of χ to TH . The groups of algebraic characters (resp. cocharacters) of T and
TH will be denoted, as usual, by X
∗(T ) (resp. X∗(T )) and X∗(TH) (resp. X∗(TH)), and we
let 〈·, ·〉 : X∗(T )×X∗(T )→ Z be the canonical pairing. The derivative of algebraic characters
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d : X∗(T )→ Lie(T )′ = HomF (Lie(T ), F ) induces an isomorphism X∗(T )F = X∗(T )⊗Z F ∼=
Lie(T )′, and we extend the pairing 〈·, ·〉 linearly to a perfect pairing Lie(T )′ × X∗(T )F ∼=
X∗(T )F ×X∗(T )F → F , where X∗(T )F = X∗(T )⊗Z F .
Preliminaries on the functors FGP . We are going to describe the locally analytic principal
series IndGP (χ)
an and IndHPH(χ)
an in terms of the functors FGP and F
H
PH
introduced in [22].
We will be working in the category Oalg (for g = gl2 and h = sl2, resp.), cf. [22, 2.6]. In
the following we describe the necessary facts only for G and g = gl2, but everything holds
also for H and h, with the obvious modifications. Given λ ∈ X∗(T ) we have the associated
one-dimensional Lie algebra representation dλ : Lie(T )→ gl1(F ) = F →֒ E which we denote
by Edλ. The canonical map P → T induces the map p = Lie(P )→ Lie(T ) on Lie algebras,
and the representation Edλ lifts to a representation of p. The latter gives rise to the Verma
module
M(dλ) = U(g)⊗U(p) Edλ .
Applying the functor FGP to M(−dλ) gives a locally F -analytic principal series represen-
tation
FGP (M(−dλ)) = Ind
G
P (λ)
an ,
cf. [22, 5.10]. Note that on the left we have the Verma module attached to the character
−dλ. This property is related to the fact that the functor FGP (−,−) is contravariant in the
first argument, cf. below. More generally, we can also treat locally algebraic characters as
follows. Write the locally algebraic character χ as χ = χalg ·χsm with a uniquely determined
algebraic character χalg and a smooth character χsm. Denote by Rep∞,admE (T ) the category of
smooth admissible representations of T on E-vector spaces. The functor FGP has an extension
to a bi-functor on the product category Oalg × Rep
∞,adm
E (T ), cf. [22, 4.7], and we have
(3.2.1) FGP
(
M(−dχalg), χsm
)
= IndGP (χ
alg · χsm)an = IndGP (χ)
an .
Define characters ε1,∆T ∈ X
∗(T ) by ε1(diag(a, d)) = a and ∆T (diag(a, d)) = ad. Then
{ε1,∆T} is a Z-basis of X∗(T ). One has d(εn1∆
m
T ) = ndε1+md∆T , and there is the following
relation for the Verma module
(3.2.2) M(d(εn1∆
m
T )) = M(ndε1 +md∆T )
∼= (d∆mG )⊗E M(ndε1) = (mTrg)⊗E M(ndε1) ,
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where ∆G is the determinant character on G, and Trg is the trace, the derived representation
of ∆G. It is well known that if n < 0 then M(ndε1) is irreducible, whereas for n ≥ 0 one
has an exact sequence
(3.2.3) 0 −→M(ndε1 − (n+ 1)dα) −→ M(ndε1) −→ L(nε1) −→ 0 ,
where L(ndε1) ∼= Sym
n(E2) is the irreducible representation of g with highest weight ndε1,
and α = ε21/∆T . Define the cocharacter α
∨ : F× → T by α∨(t) = diag(t, t−1).
Proposition 3.2.4. Let χ = χalg · χsm be a locally F -analytic character as above. Put
n = 〈−dχalg, α∨〉 ∈ Z.
(i) Suppose n < 0. Then IndGP (χ)
an (resp. IndHPH(χ)
an) is a topologically irreducible G-
representation (resp. H-representation) and has no non-zero locally algebraic vectors.
(ii) If n ≥ 0, then there is an exact sequence of locally analytic G-representations
(3.2.5) 0 −→ ∆−n−mG ⊗ Sym
n(E2)⊗ indGP (χ
sm) −→ IndGP (χ)
an −→ IndGP (χα
n+1)an −→ 0
with continuous G-equivariant maps. Here, m ∈ Z is such that χalg = ε−n1 ∆
−m
T , and
indGP (χ
sm) denotes the smooth non-normalized induction.5 The representation on the right is
topologically irreducible, and the representation on the left is topologically irreducible if and
only if indGP (χ
sm) is irreducible.
(iii) If n ≥ 0, then there is an exact sequence of locally analytic H-representations
(3.2.6) 0 −→ Symn(E2)⊗ indHPH(χ
sm) −→ IndHPH(χ)
an −→ IndHPH (χα
n+1)an −→ 0
with continuous H-equivariant maps. The representation on the right is topologically irre-
ducible, and the representation on the left is topologically irreducible if and only if indHPH(χ
sm)
is irreducible.
(iv) The G-representation IndGP (χ)
an has non-zero locally algebraic vectors if and only if
n ≥ 0. When n ≥ 0, then the space of locally algebraic vectors
(
IndGP (χ)
an
)lalg
⊂ IndGP (χ)
an
5See the notations at the end of the introduction.
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is equal to the kernel of the canonical map IndGP (χ)
an −→ IndGP (χα
n+1)an in 3.2.5. In partic-
ular,
(3.2.7)
(
IndGP (χ)
an
)lalg
∼= ∆−n−mG ⊗ Sym
n(E2)⊗ indGP (χ
sm) .
(v) The H-representation IndHPH(χ)
an has non-zero locally algebraic vectors if and only
if n ≥ 0. When n ≥ 0, then the space of locally algebraic vectors
(
IndHPH (χ)
an
)lalg
⊂
IndHPH(χ)
an is equal to the kernel of the canonical map IndHPH (χ)
an −→ IndHPH (χα
n+1)an in
3.2.6. In particular,
(3.2.8)
(
IndHPH (χ)
an
)lalg
∼= Symn(E2)⊗ indHPH (χ
sm) .
Proof. Since n = 〈−dχalg, α∨〉, we can write χalg = ε−n1 ∆
−m
T for some m ∈ Z.
(i) By 3.2.1 we have IndGP (χ)
an = FGP
(
M(−dχalg), χsm
)
. By 3.2.2 we have M(−dχalg) =
(mTrg)⊗M(ndε1), and sinceM(ndε1) is irreducible if n < 0, the same is true forM(−dχ
alg).
By [22, 5.8], the representation IndGP (χ)
an is topologically irreducible. If the representation
IndGP (χ)
an has a non-zero locally algebraic vector, then, by the discussion in [16, 4.2], there
is a finite-dimensional irreducible algebraic representation W of G over E such that the
G-subrepresentation VW−lalg of W -locally algebraic vectors is non-zero. We use here the
notation introduced by Emerton in [16, 4.2.2]. By [16, 4.2.10] the subspace VW−lalg is closed
in V . Therefore, if IndGP (χ)
an has a non-zero locally algebraic vector, it has a non-zero closed
G-subrepresentation which consists only of locally algebraic vectors. It is easy to see that
not all vectors in IndGP (χ)
an are locally algebraic. Since IndGP (χ)
an is topologically irreducible
if n < 0, its subspace of locally algebraic vectors must be zero in this case. The same
arguments also apply to the representation IndHPH(χ)
an = FHPH
(
M(−dχalg), χsm
)
.
(ii) Now we assume n ≥ 0. Tensoring the exact sequence 3.2.3 with the one-dimensional
representation mTrg gives the exact sequence
0→ (mTrg)⊗M(ndε1 − (n+ 1)dα)→ (mTrg)⊗M(ndε1)→ (mTrg)⊗ L(nε1)→ 0 ,
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which, using 3.2.2, can be rewritten as
0 −→ M(−dχalg − (n + 1)dα) −→M(−dχalg) −→ (mTrg)⊗ L(nε1) −→ 0 .
Applying the (contravariant) functor FGP (−, χ
sm) to this exact sequence, and using 3.2.1, we
obtain the exact sequence
0 −→ FGP ((mTrg)⊗ L(nε1), χ
sm) −→ IndGP (χ)
an −→ IndGP (χα
n+1)an −→ 0 .
The representation on the right is topologically irreducible because 〈−dχalgαn+1, α∨〉 = n−
2(n+ 1) = −n− 2 < 0, cf (i). (mTrg)⊗ L(nε1) is a finite-dimensional g-module which lifts
uniquely to the algebraic representation ∆mG ⊗ Sym
n(E2) of G. In this case, the formula in
[22, 4.9] shows that
FGP ((mTrg)⊗ L(nε1), χ
sm) ∼= FGG
(
(mTrg)⊗ L(nε1), ind
G
P (χ
sm)
)
=
(
∆mG ⊗ Sym
n(E2)
)′
⊗ indGP (χ
sm)
where
(
∆mG⊗Sym
n(E2)
)′
is the dual representation to ∆mG ⊗Sym
n(E2). Looking at the cen-
tral character, this dual representation is easily seen to be isomorphic to ∆−n−mG ⊗Sym
n(E2).
The representation ∆−n−mG ⊗ Sym
n(E2) ⊗ indGP (χ
sm) is irreducible if and only if the repre-
sentation indGP (χ
sm) is irreducible, by [27, appendix, Thm. 1], [16, 4.2.8].
(iii) All arguments in (ii) also apply to the case of the group H .
(iv) If n ≥ 0, then 3.2.5 shows that IndGP (χ)
an has a non-zero closed subspace of locally
algebraic vectors, because ∆−n−mG ⊗ Sym
n(E2)⊗ indGP (χ
sm) is a locally algebraic representa-
tion. This subspace must be equal to the whole space of locally algebraic vectors, because
otherwise the quotient
IndGP (χ)
an
/(
∆−n−mG ⊗ Sym
n(E2)⊗ indGP (χ
sm)
)
∼= IndGP (χα
n+1)an
would have itself non-zero locally algebraic vectors, and would thus not be irreducible, which
would contradict (i).
(v) All arguments in (iv) also apply to the case of the group H . 
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Remark 3.2.9. We keep the notation of the previous proposition. When n ≥ 0 the inclusion
M(−dχalg − (n+ 1)dα) →֒ M(−dχalg) induces the surjective continuous G-homomorphism
(3.2.10) IndGP (χ)
an −→ IndGP (χα
n+1)an
which appears on the right in 3.2.5. This map can be described by a G-equivariant differ-
ential operator. More precisely, one can identify IndGP (χ)
an (resp. IndGP (χα
n+1)an) with the
space of locally analytic functions on F which satisfy some regularity condition at infinity
which depends on χ (resp. χαn+1), cf. [20, 3.2.1]. With this description, the map 3.2.10
become the derivation map f 7→ d
n+1
dn+1x
f , cf. [20, 3.1.7-10]. By [21, 4.3] the derivation map
f 7→ d
dx
f does not have a continuous linear section on the level of topological vector spaces.
This implies that the map f 7→ d
n+1
dn+1x
f considered here does not have a continuous section.
In particular, the sequences 3.2.5 and 3.2.6 do not allow continuous G-equivariant, resp.
H-equivariant, splittings. 
In the following we are particularly interested in the case when the G-representation(
IndGP (χ)
an
)lalg
∼= ∆−n−mG ⊗ Sym
n(E2)⊗ indGP (χ
sm) ,
is irreducible, but the restriction to H of this locally algebraic representation, namely
Symn(E2)⊗ indHPH(χ
sm) ,
is reducible. By [27, appendix, Thm. 1], [16, 4.2.8], this happens if and only if the smooth
representation indGP (χ
sm) is irreducible, but its restriction to H , namely indHPH(χ
sm), is re-
ducible. Denote by e(E/F ) the ramification index of E/F , and let ̟E be a uniformizer of
E.
Proposition 3.2.11. Let χ : T → E× be a locally algebraic character. Write χ(diag(a, d)) =
χ1(a)χ2(d), and χ
alg
i (x) = x
−ci with ci ∈ Z (i = 1, 2).
(i) Then
(
IndGP (χ)
an
)lalg
is an irreducible G-representation and is reducible as a repre-
sentation of H, if and only if the following conditions hold
(a) c1 ≥ c2,
(b) there is a nontrivial quadratic character sgnθ on F
×, and a smooth character τ of F×,
such that χ1(x) = x
−c1 |x|
1
2 sgnθ(x)τ(x) and χ2(x) = x
−c2|x|−
1
2 τ(x).
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Moreover, IndGP (χ)
an has unitary central character if and only if ̟−c1−c2τ(̟)2 ∈ O×E . In
that case, the integer e(E/F )(c1 + c2) is even.
(ii) Given integers c1 ≥ c2 such that h := e(E/F )(c1+c2) is even, then, for any non-trivial
quadratic character sgnθ of F
× and any smooth unitary character τunit : F× → O×E , if we
define
χ1(x) = x
−c1|x|
1
2̟
h
2
vF (x)
E sgnθ(x)τ
unit(x) and χ2(x) = x
−c2 |x|−
1
2̟
h
2
vF (x)
E τ
unit(x) ,
then IndGP (χ)
an has unitary central character, and
(
IndGP (χ)
an
)lalg
is irreducible as a repre-
sentation of G and is reducible as H-representation.
(iii) If IndGP (χ)
an has unitary central character, and
(
IndGP (χ)
an
)lalg
is an irreducible G-
representation and is reducible as H-representation, then χ1 and χ2 are of the form in (ii).
In that case, the restriction of
(
IndGP (χ)
an
)lalg
to H splits as a direct sum of two inequivalent
absolutely irreducible H-representations.
Proof. (i) Write χi(x) = x
−ciχsmi (x), i = 1, 2, where χ
sm
i , is a smooth character. We have
n := 〈−dχalg, α∨〉 = c1 − c2. According to 3.2.4, c1 − c2 ≥ 0 is necessary and sufficient for
IndGP (χ)
an to have non-zero algebraic vectors. In that case, by [27, appendix, Thm. 1], [16,
4.2.8], the representation
(
IndGP (χ)
an
)lalg
is irreducible as G-representation but reducible as
H-representation, if and only if
indGP (χ
sm) = iG,T (δ
− 1
2
P χ
sm) = iG,T (| |
− 1
2χsm1 ⊗ | |
1
2χsm2 )
is irreducible as G-representation but reducible as H-representation. By 3.1.1 and 3.1.2,
this happens if and only if | |−
1
2χsm1 (| |
1
2χsm2 )
−1 is a non-trivial quadratic character sgnθ of
F×. If we now define τ = | |
1
2χsm2 , then we see that condition (b) holds. Moreover, the
central character is unitary if and only if (χ1χ2)(̟) = ̟
−c1−c2sgnθ(̟)τ(̟)
2 ∈ O×E .
(ii) This is an easy consequence of part (i).
(iii) The first assertion follows from (i) and (ii). The second assertion follows from 3.2.4
(v) and 3.1.1 (ii). 
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Remark 3.2.12. We see from part (ii) of 3.2.11 that, if e(E/F ) is even, we may choose any
integers c1 ≥ c2, and define characters χ1, χ2 by the formulas in part (ii), so as to obtain a
locally analytic principal series representation IndGP (χ)
an with unitary central character, and
which has the property as in 3.2.11 (i). Of course, we may always enlarge the coefficient field
E so as to have even ramification index over F . Note also that if q
1
2 /∈ F (e.g., F = Qp),
then e(E/F ) is necessarily even, since we assume that E contains a square root of q. 
3.2.13. Choose integers c1 ≥ c2, a non-trivial quadratic character sgnθ of F
×, a smooth
character τ of F×, and define the following characters of T :
(3.2.14) η =
(
(·)−c1 ⊗ (·)−c2
)
· δ
1
2
P · (τ · sgnθ ⊗ τ), µ =
(
(·)−c1 ⊗ (·)−c2
)
· δ
1
2
P · (τ ⊗ τ · sgnθ) .
Then µ = (sgnθ ◦∆T )η. Write η = η
alg · ηsm and µ = µalg ·µsm. By 3.2.7, the representation
Uη =
(
IndGP (η)
an
)lalg
can be written as Uη = U
alg
η ⊗ U
sm
η , where U
sm
η = ind
G
P (η
sm) is a
smooth G-representation and Ualgη is algebraic, and both are absolutely irreducible. Note
that ηalg = µalg, and that irreducibility of U smη = iG,T (τ · sgnθ ⊗ τ) implies U
sm
η
∼= U smµ , cf.
3.1.2. It follows
Uη = U
alg
η ⊗E U
sm
η
∼= Ualgµ ⊗E U
sm
µ = Uµ ,
and because those representations are absolutely irreducible G-representations, any such
isomorphism is unique up to a non-zero scalar multiple [14, 1.1]. We fix an isomorphism
ι : Uη
≃
−→ Uµ and define the amalgamated sum
W := IndGP (η)
an ⊕Uη Ind
G
P (µ)
an
to be the quotient of IndGP (η)
an ⊕ IndGP (µ)
an by the subspace {(v,−ι(v)) | v ∈ Uη}. The
restriction of this representation to H = SL2(F ) is described in the following proposition.
Proposition 3.2.15. Suppose η and µ are the characters of T defined by (3.2.14), and put
η′ = ηαc1−c2+1. Then the restriction of W = IndGP (η)
an ⊕Uη Ind
G
P (µ)
an to H decomposes as
W |H = W1 ⊕W2, where for i = 1, 2, Wi fits in the following exact sequence of H-modules
0→W lalgi → Wi → Ind
H
PH
(η′)an → 0.
The H-modules W lalgi and Ind
H
PH
(η′)an are irreducible and W lalg1 ≇W
lalg
2 . Moreover, for any
g ∈ G such that sgnθ(det(g)) = −1 we have g ·W1 = W2 and g ·W2 =W1.
20 DUBRAVKA BAN AND MATTHIAS STRAUCH
Proof. We want to describe the amalgamated sum W = IndGP (η)
an ⊕Uη Ind
G
P (µ)
an explicitly.
To this end we make use of the description of locally analytic principal series representations
given in [20, 3.2.1]. Define locally analytic characters on F× as follows:
η1(z) = z
−c1 |z|
1
2 τ(z)sgnθ(z) , η2(z) = z
c1−c2|z|−1sgnθ(z) ,
µ1(z) = z
−c1 |z|
1
2 τ(z) , µ2(z) = z
c1−c2|z|−1sgnθ(z) ,
so that
(3.2.16)
µ1 = η1 · sgnθ , µ2 = η2 ,
η(diag(a, d)) = η1(ad)η2(d) , µ(diag(a, d)) = µ1(ad)µ2(d) .
Then the space underlying both IndGP (η)
an and IndGP (µ)
an can be identified with the space
of locally analytic functions f on F which have the property that the function
F× −→ E , z 7→ η2(z)f
(
1
z
)
= µ2(z)f
(
1
z
)
extends to a locally analytic function on all of F . We henceforth denote this space by V .
The group action on V , considered as the underlying vector space of IndGP (η)
an, is such that
g =
(
a b
c d
)
maps f to (g.ηf)(z) = η1(det(g))η2(bz + d)f
(
az + c
bz + d
)
We write Vη when we equip V with this group action. Similarly, when we consider the group
action on V as defined by IndGP (µ)
an, we find that
g =
(
a b
c d
)
maps f to (g.µf)(z) = µ1(det(g))µ2(bz + d)f
(
az + c
bz + d
)
We write Vµ when we equip V with this latter group action. Put K = ker(sgnθ ◦ det) ⊂ G.
It follows from 3.2.16 that
(3.2.17) g.ηf =
g.µf, if g ∈ K ,−g.µf, if g ∈ G \ K .
Let U = V lalg be the subspace of locally algebraic vectors. This space is the same for
either group action. We write Uη (resp. Uµ) when we consider U as a subrepresentation
of Vη (resp. Vµ). By 3.2.7, we have Uη = U
alg
η ⊗ U
sm
η with U
sm
η ≃ iG,T (τ · sgnθ ⊗ τ), and
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thus U smη |H ≃ iH,TH (sgnθ ⊗ 1). By 3.1.1 (ii) the smooth representation U
sm
η splits into two
absolutely irreducible inequivalent representations (U smη )1 and (U
sm
η )2 of H . Because U
alg
η is
absolutely irreducible, the representation Uη|H splits as Uη,1⊕Uη,2 with absolutely irreducible
and inequivalent locally algebraic H-representations Uη,i = U
alg
η ⊗ (U
sm
η )i, i = 1, 2, by [16,
4.2.8]. Moreover, U smµ ≃ iG,T (τ ⊗ τ · sgnθ) and U
alg
η = U
alg
µ (since η
alg = µalg). Therefore, by
3.1.2, there is an intertwining operator of G-representations ι : Uη
≃
−→ Uµ. It follows from
3.2.17 that the map ι is, on the underlying vector space, not given by a scalar multiplication.
Claim. The spaces Uη,1 and Uη,2 are both K-invariant, and for g ∈ G \ K we have
g.η(Uη,1) = Uη,2 and g.η(Uη,2) = Uη,1.
Proof. If Uη,1 would not be K-invariant, then the smallest K-invariant subrepresentation
U ′ of Uη which contains Uη,1 would necessarily also contain non-zero vectors in Uη,2. But
since Uη,2 is irreducible as an H-representation, we must then have Uη,2 ⊂ U
′, and therefore
U ′ = Uη. It thus follows that if Uη,1 would not be K-invariant, then Uη would have to be
irreducible as K-representation. The same argument applies applies after base change to any
finite extension of E, and Uη would thus be absolutely irreducible as K-representation. By
3.2.17, the representations Uη|K and Uµ|K are the same (the underlying vector space and the
action of K are identical), and any K-intertwiner between them would have to be given by
scalar multiplication, by [14, 1.1], if indeed Uη|K (and hence Uµ|K) would be irreducible. But
since the G-intertwiner ι is not given by scalar multiplication, we can deduce that Uη (and
hence Uµ) is reducible as K-representation, and Uη,1 is therefore K-invariant. Of course, the
same argument applies in the same way to Uη,2. The second assertion follows from the fact
that K is normal in G and that Uη is irreducible as G-representation. 
We are now going to describe a G-intertwiner Uη → Uµ explicitly. To this end we set
U1 = Uµ,1 = Uη,1 and U2 = Uµ,2 = Uη,2, where we consider Uµ,1 and Uµ,2 as subspaces of the
G-representation Uµ. Define
ϕ : Uη → Uµ , ϕ(u1 + u2) = u1 − u2 ,
with u1 ∈ Uη,1 and u2 ∈ Uη,2. Then for g ∈ K we have
ϕ(g.η(u1 + u2)) = ϕ(g.ηu1 + g.ηu2)) = g.ηu1 − g.ηu2 = g.µu1 − g.µu2 = g.µ(ϕ(u1 + u2)) ,
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and for g ∈ G \ K we have
ϕ(g.η(u1 + u2)) = ϕ(g.ηu2 + g.ηu1) = g.ηu2 − g.ηu1 = g.µϕ(u1 + u2) ,
because g.ηu2 ∈ Uη,1 and g.ηu1 ∈ Uη,2. Hence, ϕ is a G-intertwining operator Uη → Uµ.
Therefore, ϕ is a non-zero scalar multiple of ι, and we may thus assume that our previously
chosen ι is equal to ϕ. If we thus embed Uη into Vµ via ϕ, then we can describe the
amalgamated sum W as (Vη ⊕ Vµ)/U0, where
U0 = {(u1 + u2,−u1 + u2) | u1 ∈ U1, u2 ∈ U2}.
We use here again the fact that the vector spaces underlying Vη and Vµ are identical. Define
W˜1 = {(v,−v) | v ∈ V } ⊂ Vη ⊕ Vµ , U˜1 = {(u1,−u1) | u1 ∈ U1} ⊂ W˜1 ,
W˜2 = {(v, v) | v ∈ V } ⊂ Vη ⊕ Vµ , U˜2 = {(u2, u2) | u2 ∈ U2} ⊂ W˜2 ,
Set W1 = im(W˜1 → W ) and W2 = im(W˜2 → W ). It is straightforward to check that
W = W1 ⊕ W2 as E-vector spaces. Moreover, because the K-actions on Vη and Vµ are
identical, W1 and W2 are K-stable, hence H-stable, and we have W |H = W1 ⊕W2 as H-
representations. Moreover, it follows from 3.2.17 that g(W1) =W2 and g(W2) = W1.
It remains to analyze Wi, i = 1, 2, as an H-representation. As the H-actions on Vη and
Vµ are identical, we now drop the subscripts η and µ. Note that ker(W˜1 → W1) = U˜1 and
ker(W˜2 → W2) = U˜2, so that Wi ∼= W˜i/U˜i ≃ V/Ui. Choose i ∈ {1, 2} and let j be the other
integer in {1, 2}. The inclusion U →֒ V induces an embedding Ui →֒ Wj, and we obtain an
exact sequence
0 −→ Ui −→ Wj −→Wj/Ui ∼= V/(U1 + U2) = V/V
lalg ∼= IndHPH (η
′) −→ 0 .
We clearly have Ui ⊂ W
lalg
j , and because Ind
H
PH
(η′) is topologically irreducible, its subspace
of locally algebraic vectors is zero, cf. 3.2.4 (i). Therefore Ui = W
lalg
j . That U1 and U2
(and hence W lalg1 and W
lalg
2 ) are inequivalent as H-representations has already been noted
above. 
4. Restricting Banach space representations of GL2(Qp) to SL2(Qp)
In this section we will have throughout F = Qp, G = GL2(Qp) and H = SL2(Qp).
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4.1. At most two irreducible constituents.
Proposition 4.1.1.6 Let Π be an absolutely irreducible admissible unitary p-adic Banach
space representation of G. Then Π|SL2(Qp) decomposes into at most two irreducible compo-
nents.
Proof. Put Π = Π≤1⊗OE kE, where Π≤1 = {v ∈ Π | ‖v‖ ≤ 1} and kE is the residue field of E.
This is a smooth G-representation. By [12, 1.4], after possibly replacing E by an unramified
quadratic extension, there are two possibilities for Π, namely
(i) Π is an absolutely irreducible supersingular representation.
(ii) The semisimplification Π
ss
of Π embeds into
(4.1.2) π{χ1, χ2} :=
(
IndGP (χ1 ⊗ χ2ω
−1)
)ss
⊕
(
IndGP (χ2 ⊗ χ1ω
−1)
)ss
,
where χ1 and χ2 are smooth characters Qp
× → k×E , and ω : Qp
× → k×E is the reduction of
the cyclotomic character.
It is a result of R. Abdellatif that in case (i) Π|H decomposes into two irreducible repre-
sentations, cf. [1, The´ore`me 0.7]. In particular, Π|H cannot have more than two irreducible
components.
Now suppose we are in case (ii). We consider the list given in [12, 2.14] which provides an
explicit description of the decomposition of π{χ1, χ2} into irreducible constituents. π{χ1, χ2}
is isomorphic to one (and only one) of the following:
(1) indGP (χ1 ⊗ χ2ω
−1)⊕ indGP (χ2 ⊗ χ1ω
−1), if χ1χ
−1
2 6= 1, ω
±1 ;
(2) indGP (χ⊗ χω
−1)⊕2, if χ1 = χ2 = χ and p ≥ 3;
(3)
(
1⊕ St⊕ indGP (ω ⊗ ω
−1)
)
⊗ χ ◦ det, if χ1χ
−1
2 = ω
±1 and p ≥ 5;
(4)
(
1⊕ St⊕ ω ◦ det⊕St⊗ ω ◦ det
)
⊗ χ ◦ det, if χ1χ
−1
2 = ω
±1 and p = 3;
(5)
(
1⊕ St
)⊕2
⊗ χ ◦ det, if χ1 = χ2 and p = 2.
Here, St denotes the smooth Steinberg representation in characteristic p which is irre-
ducible by [1, 0.1]. The restriction of indGP (χ1⊗χ2ω
−1) to H is just indHPH(χ1⊗ χ2ω
−1), and
6We learned this fact from a comment by Matthew Emerton.
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by [1, 0.1], this representation is irreducible if and only if χ1 6= χ2ω
−1. Thus we see that in
case (1) the restriction is of length two. The same is true in case (2) because the ω is not
trivial when p ≥ 3. In case (3), since ω2 6= 1 for p ≥ 5, the representation π{χ1, χ2}|H has
two infinite-dimensional constituents, and the same is true in cases (4) and (5), because the
Steinberg repressentation St of H is irreducible.
Write Π|H = Π1⊕ . . .⊕Πr, with irreducible H-representations Πi. By 2.1.3 the irreducible
representations Πi are permuted by the action of G, and they must hence be all infinite-
dimensional. Therefore, the representation (Π)ss|H must have at least r infinite-dimensional
irreducible constituents. By what we have just seen, r can then be at most two. 
4.2. The case of trianguline de Rham representations.
4.2.1. Locally algebraic vectors and Weil-Deligne representations. Let ψ : GQp =
Gal(Qp/Qp) → GL2(E) be an absolutely irreducible representation. We denote by Π(ψ)
the unitary Banach space representation of GL2(Qp) attached to ψ by Colmez’ p-adic Lang-
lands correspondence, cf. [9, 0.17]. The space of locally algebraic vectors Π(ψ)lalg is non-zero
if and only if ψ is de Rham with distinct Hodge-Tate weights a < b [9, Theorem 0.20]. In
this case, by [9, VI.6.50], Π(ψ)lalg decomposes as
(4.2.2) Π(ψ)lalg = Π(ψ)alg ⊗ π(ψ),
where Π(ψ)alg ∼= deta⊗E Sym
b−a−1(E2) is absolutely irreducible, and π(ψ) is a smooth
representation which is obtained from the associated (ϕ,N,GQp-module Dpst(ψ) as follows.
Dpst(ψ) is equipped with an E-linear action ρ of GQp whose restriction to the inertia subgroup
has finite image. Furthermore, Dpst(ψ) is equipped with a bijective E-linear Frobenius
ϕ which commutes with that Galois action, and a nilpotent E-linear endomorphism N
satisfying ϕNϕ−1 = pN . One obtains a Weil group representation by letting γ ∈ WQp act
on Dpst(ψ) as ϕ
−deg(γ)ρ(γ), where deg(γ) ∈ Z is such that γ acts on the residue field of Qp
as x 7→ xp
deg(γ)
. The nilpotent endomorphism N gives rise to a Weil-Deligne representation.
Let WD(ψ) be the F -semisimplification of this Weil-Deligne representation, in the sense
of [13, 8.5]. Then, up to a twist by a smooth character, π(ψ) is equal to the smooth
representation of GL2(Qp) associated to WD(ψ) by the local Langlands correspondence,
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except if the latter representation would be 1-dimensional, in which case π(ψ) is the unique
principal series representation which surjects onto this character, cf. [9, before VI.6.50] for
details.7
4.2.3. The trianguline variety. We summarize some information about the trianguline
variety from [10, 0.3]. We denote by T̂ (E) the set of continuous characters δ : Q×p → E
×. For
δ ∈ T̂ (E) let w(δ) = w′(1) be its weight, i.e., its derivative at 1 (equivalently, w(δ) = log δ(u)
log u
,
where u ∈ Z×p is not a root of unity).
Set Γ = Gal(Qp(µp∞)/Qp), and let S be the set of triples s = (δ1, δ2,L ), where δ1, δ2 ∈
T̂ (E) and L ∈ Proj(Ext1(R(δ2),R(δ1)). The latter set will be identified with P0(E) = {∞}
if dim
(
Ext1(R(δ2),R(δ1))
)
= 1 and with P1(E) if dim
(
Ext1(R(δ2),R(δ1))
)
= 2. Let ∆(s)
be the (ϕ,Γ)-module associated to s:
0 −→ R(δ1) −→ ∆(s) −→ R(δ2) −→ 0 .
Set u(s) = vp(δ1(p)) and w(s) = w(δ1)− w(δ2), and define
S∗ = {s ∈ S | vp(δ1(p)) + vp(δ2(p)) = 0 and u(s) > 0} ,
S ng∗ = {s ∈ S∗ | w(s) /∈ Z≥1} ,
S cris∗ = {s ∈ S∗ | w(s) ∈ Z≥1 , u(s) < w(s) , L =∞} ,
S st∗ = {s ∈ S∗ | w(s) ∈ Z≥1 , u(s) < w(s) , L 6=∞} ,
S ord∗ = {s ∈ S∗ | w(s) ∈ Z≥1 , u(s) = w(s)} .
Assume s ∈ S∗. Then ∆(s) is e´tale if and only if s ∈ S ng∗ ⊔ S
cris
∗ ⊔ S
st
∗ ⊔ S
ord
∗ , and
hence corresponds to a Galois representation ψ(s) in this case. ψ(s) is irreducible if and only
if s ∈ S ng∗ ⊔S
cris
∗ ⊔S
st
∗ . If ψ(s) is an irreducible Hodge-Tate representation, we have the
following:
• ψ(s) is de Rham if and only if s ∈ S cris∗ ⊔S
st
∗ ,
• ψ(s) is crystabelline (i.e., becomes crystalline over an abelian extension of Qp) if and
only if if s ∈ S cris∗ ,
7pi(ψ) is denoted LL(WD(ψ)) in loc. cit.
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• ψ(s) is the twist of a semistable non-crystalline representation by a character of finite
order if and only if s ∈ S st∗ ,
cf. [10, 8.5]. Finally, every 2-dimensional absolutely irreducible trianguline representation
of GQp is of the form ψ(s) for some s ∈ S
ng
∗ ⊔S
cris
∗ ⊔S
st
∗ .
4.2.4. Notation for principal series representations. We denote by x ∈ T̂ (E) the character
x 7→ x induced by the inclusion Qp ⊆ E. Set χcyc = x|x|. For δ1, δ2 ∈ T̂ (E) define
Ban(δ1, δ2) = Ind
G
P (δ2 ⊗ δ1χ
−1
cyc)
an ,
the locally analytic principal series representation, cf. [10, 0.4, after Thm. 8.6]. As intro-
duced at the beginning of Section 3, p
1
2 is the fixed square root in our coefficient field E,
and |x|
1
2 = (p
1
2 )−vp(x) for x ∈ Q×p . In particular, the ramification index e(E/F ) = e(E/Qp)
is even, and the condition that the integer h in 3.2.11 is even holds.
Theorem 4.2.5. Let ψ : GQp → GL2(E) be an absolutely irreducible trianguline representa-
tion which is de Rham with distinct Hodge-Tate weights. Denote by Π = Π(ψ) the correspond-
ing absolutely irreducible unitary admissible Banach space representation of G = GL2(Qp),
and let Πlalg be the subspace of locally algebraic vectors of Π. Then the following assertions
are equivalent:
(1) Π|H is reducible.
(2) Π|H is decomposable.
(3) (Πlalg)|H is decomposable.
If one (equivalently all) of the above cases occurs, then both Π|H and (Π
lalg)|H have two
absolutely irreducible inequivalent constituents.
Proof. ”(1) ⇒ (2)”. This implication follows from 2.1.3.
”(2) ⇒ (3)”. This follows from 2.1.4.
”(3) ⇒ (1)”. Let us now suppose that Πlalg is decomposable. As we recalled in 4.2.2,
Πlalg = Πalg⊗E π, with an (absolutely) irreducible finite-dimensional algebraic representation
Πalg and a smooth representation π. This shows that Πlalg = (Πlalg)Πalg−lalg, where the latter
notation is the one of [16, 4.2.2]. We equip HomE(Π
alg,Πlalg) with the usual G-action,
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i.e., (g.λ)(w) = g.λ(g−1.w), with λ ∈ HomE(Πalg,Πlalg) and w ∈ Πalg. We denote by
HomE(Π
alg,Πlalg)sm the set of smooth vectors for this G-action. Then the map
(4.2.6) π → HomE(Π
alg,Πlalg)sm , v 7→ [w 7→ w ⊗ v] ,
is an isomorphism of G-representations, cf. [16, before 4.2.4]. Now suppose that Πlalg|H =
(Πlalg)1 ⊕ (Π
lalg)2 with non-zero H-representations (Π
lalg)1 and (Π
lalg)2. We then have also(
(Πlalg)i
)
Πalg−lalg
= (Πlalg)i ,
for i = 1, 2. By [16, 4.2.4], there is a smooth (non-zero) H-representation πi such that
(Πlalg)i = Π
alg ⊗E πi (as H-representations). The isomorphism 4.2.6 then shows that π|H ∼=
π1 ⊕ π2 is decomposable.
Denote by LL(Dpst(ψ)) the smooth G-representation associated to the filtered module
Dpst(ψ), as defined in [9, VI, sec. 11]. By [9, 0.21], we have π ∼= LL(Dpst(ψ)). A quick glance
at the list in [9, VI, sec. 11] shows that if π|H is decomposable, then π must be an irreducible
principal series representation. By [16, 4.2.8], Πlalg = Πalg ⊗E π is irreducible. Moreover, ψ
is necessarily crystabelline and thus of the form ψ(s) with s = (δ1, δ2,∞) ∈ S
cris
∗ . By [10,
4.6.1] we have
Πlalg ∼= Blalg(δ1, δ2) =
(
Ind(δ2 ⊗ δ1χ
−1
cyc)
)lalg
.
By 3.2.11, there are integers c1 ≥ c2, a smooth character τ of Q×p , and a non-trivial quadratic
character sgnθ such that
δ2(x) = x
−c1|x|
1
2 sgnθ(x)τ(x) , δ1(x)χ
−1
cyc = x
−c2 |x|−
1
2 τ(x) .
We then have w(s) = c1 − c2 + 1 > 0. Following [10, 4.6.1] we set δ
′
1 = x
w(s)δ2 and
δ′2 = x
−w(s)δ1, and get thus
δ′2(x) = x
−c1|x|
1
2 τ(x) , δ′1(x)χ
−1
cyc = x
−c2 |x|−
1
2 sgnθ(x)τ(x) .
By [10, 8.97], there is an exact sequence of G-representations
0 −→ Πlalg −→ Ban(δ1, δ2)⊕ B
an(δ′1, δ
′
2) −→ Π
an −→ 0 ,
where Πlalg ∼= Blalg(δ1, δ2) ∼= B
lalg(δ′1, δ
′
2) is embedded diagonally in the representation in the
middle, and Πan ⊂ Π is the subspace of locally analytic vectors, equipped with its intrinsic
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topology. We are thus in the situation considered in 3.2.13, and by 3.2.15 we can infer that
Πan|H = (Π
an)1 ⊕ (Π
an)2 with two irreducible closed H-subrepresentations of Π
an. By [11,
0.2] the map Πan → Π realizes Π as the universal completion of Πan. By 2.2.3 and 2.2.2 we
conclude that
Π|H = Π̂an
u
∣∣∣
H
= ̂(Πan|H)
u
= (̂Πan)1
u
⊕ (̂Πan)2
u
is decomposable. This completes the proof that assertion (3) implies assertion (1).
Now suppose that assertions (1)-(3) hold. As we have seen, if Πlalg|H = Π
alg|H ⊗ π|H is
decomposable, then so is π|H. Because ψ is assumed to be trianguline and de Rham with
distinct Hodge-Tate weights, π is necessarily an irreducible principal series representation,
and π|H decomposes as the direct sum of two absolutely irreducible inequivalent constituents,
cf. 3.1.1. On the other hand Π|H must have at least two irreducible constituents, but
it cannot have more, by 4.1.1. Those must be inquivalent by 2.1.4, since Πlalg|H has two
inequivalent contituents. 
Remark 4.2.7. The supercuspidal case. Here we briefly consider the case when the smooth
factor π(ψ) of Π(ψ)lalg is supercuspidal. There are supercuspidal representations π of
GL2(Qp) whose restriction to SL2(Qp) have four components, cf. [30, sec. 12]. Suppose ψ
is such that π(ψ) is a supercuspidal with this property. Then Π(ψ)lalg|H has four irreducible
constituents, but we know from Proposition 4.1.1 that Π|H has at most two irreducible
constituents. Therefore, the analogue of Theorem 4.2.5 does not hold for such ψ.
Remark 4.2.8. The case when Πlalg|H is reducible but indecomposable. Let ψ be as in
4.2.5. If Π(ψ)lalg|H = Π(ψ)
alg|H ⊗ π(ψ)|H is reducible but indecomposable, then π(ψ)|H is
reducible but indecomposable. By 3.1.1 and 3.1.2, this implies that π(ψ), and hence Π(ψ)lalg
are already reducible. This can indeed happen. For example, if s = (xw| · |, x−w,∞), with
an integer w ≥ 2. Then s ∈ S cris∗ , and ψ(s) is absolutely irreducible, crystalline, and has
Hodge-Tate weights w and −w, cf. [10, 8.5]. Moreover, δs := χ
−1
cycδ1δ
−1
2 = x
−1+2w. In that
case, the smooth representation π(ψ) is the unique non-split extension of 1 by St (cf. [10,
8.9]), and is thus reducible, but not decomposable.
4.3. Projective 2-dimensional Galois representations. Let pr : GL2(E) → PGL2(E)
be the canonical projection. If ψ : GQp → GL2(E) is a continuous Galois representation,
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then we denote by
ψ = pr ◦ ψ : GQp → PGL2(E)
the induced projective representation.
Proposition 4.3.1. Let ψ : GQp → GL2(E) be an absolutely irreducible trianguline de Rham
representation with distinct Hodge-Tate weights.
(i) The centralizer Sφ in PGL2(E) of the image of ψ has one or two elements. The
latter case occurs if and only if ψ is equivalent to ϑψ for some quadratic character
ϑ 6= 1.
(ii) Denote by φ the Weil group representation on WD(ψ)8 associated to ψ, cf. 4.2.1,
and set φ = pr ◦ φ. Then
Sψ
∼= Sφ/S
◦
φ
,
where Sφ denotes the centralizer of the image of φ in PGL2(E) (considered as an
algebraic group) and S◦
φ
its identity component.
The proof of 4.3.1 will be given in section 4.3.9 below. The strategy is to determine the
centralizer using the filtered modules attached to ψ. Note that we can twist ψ by a power of
the cyclotomic character so that its Hodge-Tate weights are 0 and k − 1, where k ≥ 2, and
this is what we will assume for the remainder of this subsection.
4.3.2. Filtered modules in the crystabelline case. Here we assume that ψ is crystabelline,
and we consider the filtered (ϕ,GQp)-module Dcris(ψ) as defined in [3, after 2.4.2].
9 Let
α, β : Q×p → E
× be locally constant characters such that
−(k − 1) < val(α(p)) ≤ val(β(p)) < 0 and val(α(p)) + val(β(p)) = −(k − 1)
and which are trivial on 1 + pnZp for some n ≥ 1. As in [3, 2.4.4], we define on D(α, β) =
E · eα ⊕E · eβ the structure of a filtered (ϕ,GQp)-module:
If α 6= β, then:ϕ(eα) = α(p)eαϕ(eβ) = β(p)eβ and if g ∈ Γ, then:
g(eα) = α(ε(g))eαg(eβ) = β(ε(g))eβ
8i.e., forgetting the monodromy operator N
9We use the notation Dcris(ψ), as in [3], even though ψ may not be crystalline, cf. [3, after 2.4.2].
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and
Fili(En ⊗E D(α, β)) =

En ⊗E D(α, β) if i ≤ −(k − 1)
En · (eα +G(βα
−1) · eβ) if − (k − 2) ≤ i ≤ 0
0 if i ≥ 1.
Here, En = E ⊗Qp Qp(µpn), ε : GQp → Z
×
p is the cyclotomic character, and G(βα
−1) is the
Gauss sum [3, sec. 1.2].
If α = β, then:ϕ(eα) = α(p)eαϕ(eβ) = α(p)(eβ − eα) and if g ∈ Γ, then:
g(eα) = α(ε(g))eαg(eβ) = α(ε(g))eβ
and
Fili(En ⊗E D(α, β)) =

En ⊗E D(α, β) if i ≤ −(k − 1)
En · eβ if − (k − 2) ≤ i ≤ 0
0 if i ≥ 1
The functor Dcris is an equivalence between the category of E-linear potentially crystalline
representations of GQp and the category of admissible filtered (ϕ,GQp)-modules. We give the
following result of Colmez as stated in [3, 2.4.5]:
Proposition 4.3.3. If ψ : GQp → GL2(E) is an absolutely irreducible crystabelline repre-
sentation with Hodge-Tate weights 0 and k − 1, where k ≥ 2, then there exist characters α
and β as above such that Dcris(ψ) = D(α, β).
Conversely, if α and β are such characters, then there exists an absolutely irreducible
crystabelline representation ψ : GQp → GL2(E) such that Dcris(ψ) = D(α, β).
Lemma 4.3.4. Suppose D(α, β) is equivalent to ϑ⊗D(α, β), for some character ϑ of Q×p .
Then β = ϑα and ϑ2 = 1. Conversely, if β = ϑα with a non-trivial quadratic character ϑ,
then D(α, β) is equivalent to ϑ⊗D(α, β). The set of equivalences D(α, β) ∼= ϑ⊗D(α, β), if
non-empty, is a torsor under E×.
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Proof. Suppose D(α, β) ∼= ϑ⊗D(α, β), and the equivalence is given with respect to the basis
(eα, eβ) by y ∈ GL2(E). First, we consider the case α 6= β. Then, for all t ∈ Q×p ,
(4.3.5) y
(
α(t) 0
0 β(t)
)
y−1 =
(
ϑ(t)α(t) 0
0 ϑ(t)β(t)
)
and, since y respects filtration,
(4.3.6) y
(
1
G(βα−1)
)
= c
(
1
G(βα−1)
)
for some c ∈ E×. Because α 6= β, (4.3.5) implies that y must be either a diagonal matrix or
an anti-diagonal matrix (i.e., the entries on the diagonal vanish). If y is a diagonal matrix,
then equation (4.3.5) gives ϑ = 1 and equation (4.3.6) implies that y is a scalar matrix.
Now suppose that y is an anti-diagonal matrix. Equation (4.3.5) becomes
y
(
α(t) 0
0 β(t)
)
y−1 =
(
β(t) 0
0 α(t)
)
=
(
ϑ(t)α(t) 0
0 ϑ(t)β(t)
)
It follows β = ϑα, α = ϑβ, and hence ϑ2 = 1. Finally, equation (4.3.6) implies that y is
a scalar multiple of the matrix y0 =
(
0 G(βα−1)−1
G(βα−1) 0
)
. Conversely, if β = ϑα with
a non-trivial quadratic character ϑ, then the matrix y0 defines an equivalence D(α, β) ∼=
ϑ⊗D(α, β).
If α = β, then
y
(
1 −1
0 1
)
y−1 = ϑ(p)
(
1 −1
0 1
)
and y
(
0
1
)
= c
(
0
1
)
imply that y is a scalar matrix, and hence ϑ = 1. The last statement follows from our
observation that y is a scalar matrix or unique up to a scalar matrix.10 
4.3.7. Filtered modules in the semistable case. Now assume that ψ is as in 4.3.1 but not
crystabelline. As we recalled in 4.2.3, ψ is then a twist of a semistable non-crystalline
representation by a character of finite order. Without loss of generality we assume in the
10This last assertion of 4.3.4 is also a consequence of 4.3.3 which says that D(α, β) corresponds to an
absolutely irreducible Galois representation.
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following that ψ is semistable. By [5, 1.3.5], the filtered (φ,N)-module D(k,L ) of ψ is given
as follows:11
N(e1) = e2,N(e2) = 0,
ϕ(e1) = p−k/2e1,ϕ(e2) = p−k/2+1e2,
and
FiliD(k,L ) =

D(k,L ) if i ≤ −(k − 1),
E(e1 + L · e2)) if − (k − 2) ≤ i ≤ 0,
0 if i ≥ 1.
Lemma 4.3.8. If D(k,L ) is equivalent to ϑ ⊗D(k,L ) for some character ϑ of Q×p , then
ϑ = 1. In that case the group of auto-equivalences of D(k,L )⊗E E is E
×
.
Proof. Suppose the equivalence is given with respect to the basis (e1, e2) by y ∈ GL2(E). By
writing out what it means that y is an equivalence of filtered (φ,N)-modules, we find that
y is a scalar matrix and ϑ = 1, cf. the proof of 4.3.4. 
4.3.9. Proof of Proposition 4.3.1. (i) We consider y ∈ Sψ ⊂ PGL2(E). Let y be an element
of GL2(E) such that pr(y) = y. Then for any σ ∈ GQp we have
yψ(σ)y−1 = ϑy(σ)ψ(σ)
for some ϑy(σ) ∈ E
×
. This gives us a character ϑy : GQp → E
×
, and we see that ψ and
ϑy ⊗ ψ are equivalent. We distinguish two cases.
(1) Suppose first that for all nontrivial characters ϑ one has ψ ≇ ϑ⊗ψ. Then ϑy = 1 and
y commutes with all ψ(σ). Because ψ is assumed to be absolutely irreducible, y is therefore
a scalar. Hence y = 1 and Sψ is trivial.
(2) Suppose there is a non-trivial character ϑ of Q×p such that ψ ∼= ϑ ⊗ ψ. Then the
filtered (ϕ,N,GQp)-modules Dpst(ψ) and Dpst(ϑx)⊗Dpst(ψ) are equivalent. By 4.3.4, 4.3.8,
and 4.3.3, this means that ϑ2 = 1, ψ is crystabelline, Dcris(ψ) = D(α, β), β = ϑα, and there
exists an intertwiner D(α, β)
≃
−→ ϑ⊗D(α, β) whose matrix w.r.t. to the basis (eα, eβ) is the
11In [5, 1.3.5] it is rather the dual module of D(k,L ) which is given. The formulas we give here have
been derived using [17, 6.37] which describes the connection between a filtered (ϕ,N)-module and its dual.
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matrix y0 appearing in the proof of 4.3.4. Because any two such intertwiners are the same
up to a scalar multiple, the centralizer group Sψ has two elements, the nontrivial given by
the image of y0 in PGL2(E).
(ii) Consider y ∈ Sφ ⊂ PGL2(E). As above we have then yφ(σ)y
−1 = ϑy(σ)φ(σ) for all σ
in the Weil group WQp. Again we distinguish the two cases:
(1) Suppose first that for all nontrivial characters ϑ one has ψ ≇ ϑ⊗ ψ. Then one of the
following cases occurs:
• ψ is crystabelline with Dcris(ψ) = D(α, β) with α 6= β and βα
−1 not a quadratic
character. Equation 4.3.5, with ϑ = 1, then shows that y must be a diagonal matrix, and
we find Sφ
∼= (E
×
×E
×
)/E
× ∼= E
×
, and Sφ/S
◦
φ
is hence trivial.
• ψ is crystabelline with Dcris(ψ) = D(α, α), or ψ is semistable (up to twist by a character
of finite order, cf. 4.2.3). In both cases the projective F -semisimple Weil group representation
is trivial, and Sφ = PGL2(E), i.e., Sφ/S
◦
φ
is trivial.
(2) Now suppose that ψ ∼= ϑ ⊗ ψ with a non-trivial character ϑ. Then ψ is crystabelline
with Dcris(ψ) = D(α, β), with β = ϑα and a non-trivial quadratic character ϑ. In that
case the Weil group representation is diagonal and the matrix y can be diagonal as well as
anti-diagonal, cf. 4.3.5. Hence Sφ/S
◦
φ
has two elements. 
Proposition 4.3.10. Let ψ be as in 4.3.1. Then the number of irreducible constituents of
Π(ψ)|H is equal to the cardinality of the centralizer Sφ of the corresponding projective Galois
representation (which is either one or two).
Proof. By 4.2.5, Π(ψ)|H is decomposable if and only if π(ψ)|H is decomposable. By 3.1.1 and
3.1.2, this happens if and only if π(ψ) is an irreducible G-representation whose restriction
splits into two irreducible (non-isomorphic) components. By the local Langlands correspon-
dence for smooth representations for SL2(Qp), this is equivalent to |Sφ/S
◦
φ
| = 2 (with the
notation of 4.3.1). By 4.3.1, this is equivalent to |Sψ| = 2. 
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5. Crystalline representations and the universal Banach space
representation
In this section we go back to G = GLn(F ) and H = SLn(F ), and we want to consider
what the theory of Breuil and Schneider in [6] may predict about restrictions to H of unitary
Banach space representations of G. To this end, we recall the setting considered in [6].
Let G be an F -split connected reductive algebraic group defined over F and G = G(F ).
Let T be a maximal F -split torus in G and T˜ = (ResF/QpT)E . Let (ρ, Vρ) be a Qp-rational
representation of G on a finite dimensional E-vector space Vρ, and let ξ˜ ∈ X
∗(T˜) be the
highest weight of ρ. Fix a good maximal compact subgroup K ⊂ G, and set ρK = ρ|K .
The corresponding Satake-Hecke algebra H (G, ρK) is the convolution algebra over E of all
compactly supported functions ψ : G→ EndE(Vρ) satisfying
ψ(k1gk2) = ρ(k1) ◦ ψ(g) ◦ ρ(k2)
for any k1, k2 ∈ K, g ∈ G. The choice of a K-invariant norm on Vρ leads to a G-invariant
norm on H (G, ρK), as explained in [6, sec. 2]. Denote by B(G, ρK) the completion of
H (G, ρK) with respect to this norm. Similarly, the norm on Vρ gives rise to the supremum
norm on the compact induction c-indGK(ρK), and we denote by B
G
K(ρK) the completion of
this G-representation. Let T∨ be the E-torus dual to T and ζ ∈ T∨(E). Denote by ωζ the
E-valued character of H (G, ρK) corresponding to ζ by the normalized Satake isomorphism
[6, after 2.5], and by Eζ the corresponding one dimensional H (G, ρK)-module. Define
Hξ,ζ(G) = Eζ ⊗H (G,ρK) c-ind
G
K(ρK).
Denote by T∨ξ,norm the affinoid subdomain in (the rigid analytic space associated to) T
∨, as
defined in [6, before 2.6]. For ζ ∈ T∨ξ,norm set
Bξ,ζ(G) = Eζ⊗ˆB(G,ρK)B
G
K(ρK).
Conjecture 5.1.1. [6, 6.1] The Banach space Bξ,ζ(G) is non-zero for all ζ ∈ T
∨
ξ,norm.
For G = GLn(F ), conjecture 5.1.1 is known to be true in many cases by [7, sec. 1.2]. Here
we study the spaces Hξ,ζ and Bξ,ζ for the groups G = GLn(F ) and H = SLn(F ). Roughly
speaking, a non-zero (admissible) quotient of Bξ,ζ(G) should correspond to a crystalline
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Galois representation ψ whose Hodge-Tate weights are given by ξ and the Frobenius is de-
termined by ζ . Then we can consider the corresponding projective Galois representation ψ,
which should conjecturally correspond to some (admissible) quotient of Bξ,ζ(H), and the lat-
ter Banach space is therefore non-zero. However, the implication Bξ,ζ(G) 6= 0⇒ Bξ,ζ(H) 6= 0
can be shown without assuming the existence of p-adic Langlands correspondences.
Proposition 5.1.2. Let G = GLn/F , H = SLn/F , G = G(F ), H = H(F ), T ⊂ G the
diagonal torus, TH = T∩H, ξ˜ ∈ X
∗(T˜), and ζ ∈ T∨(E). Let ξ˜ ∈ X∗(T˜H) be the restriction
of ξ˜ and ζ ∈ (TH)
∨(E) be induced by ζ. Assume ζ ∈ T∨ξ,norm. Define the representations
Bξ,ζ(G) and Bξ,ζ(H) with respect to the maximal compact subgroups K ⊂ G and KH = K∩H,
as above.
Then ζ ∈ (TH)
∨
ξ,norm
, and if Bξ,ζ(G) is non-zero, Bξ,ζ(H) is non-zero too.
Proof. We will first consider the situation when ξ = 1. Then H (G,K) := H (G, 1K) is the
Hecke algebra of compactly supported K-biinvariant functions µ : G→ E, with convolution
product. Let ΛG = T/(T ∩K) and ΛH = TH/(TH ∩K), where T = T(F ) and TH = TH(F ).
Because the Weyl groups W (G, T ) and W (H, TH) are canonically isomorphic, we can and
will identify them and just write W for it. Using the embedding ΛH → ΛG and the Satake
isomorphism
S : H (G,K)→ E[ΛG]
W ,
cf. [6, after 2.2], we obtain an embedding H (H,H ∩K)→ H (G,K).
The compactly induced space c-indGK(1K) is equal to Cc(G/K,E). The spaces H (G,K)
and Cc(G/K,E) are equipped with the supremum norm. The G-action on Cc(G/K,E) is
norm-preserving, and hence continuous. Note that Cc(G/K,E) is generated as an G-module
by the characteristic function cK on K.
Given a function f ∈ Cc(H/(H ∩K), E), we can extend it to a function fG of G by
fG(g) =
f(h), if g = hk ∈ HK0, otherwise.
The map ι : Cc(H/(H ∩ K), E) → Cc(G/K,E) given by ι(f) = fG is continuous and
H-equivariant, and ι(cH∩K) = cK . Denote by γ1 the corresponding continuous map γ1 :
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H1,ζ(H) → H1,ζ(G). Then γ1 must be non-zero, because H1,ζ(G) is generated as an G-
module by the image of cK . We remark that [4, 2.4] tells us that the space of K-invariant
vectors in H1,ζ(G) is one dimensional.
As explained in [26, sec. 5], there is a G-equivariant isomorphism between Hξ,ζ(G) and
H1,ζ(G) ⊗E ρ. Tensoring γ1 with the identity map on Vρ, we obtain an H-homomorphism
γ : Hξ,ζ(H)→ Hξ,ζ(G).
The Banach space Bξ,ζ(G) is the Hausdorff completion of Hξ,ζ(G). Assume Bξ,ζ(G) 6= 0.
We have the following commutative diagram:
Hξ,ζ(H)
γ
−→ Hξ,ζ(G)
α ↓ ↓ β
Bξ,ζ(H)
γ̂
−→ Bξ,ζ(G).
The existence of γ̂ follows from the universal property of the Hausdorff completion Bξ,ζ(H)
of Hξ,ζ(H) [28, 7.5].
We claim that β ◦ γ 6= 0. To prove the claim, we first consider γ1 : H1,ζ(H) → H1,ζ(G).
Since the H-representation H1,ζ(H) is generated by its K-fixed vectors, it follows that
γ1(H1,ζ(H)) contains the one-dimensional subspace of K-fixed vectors of H1,ζ(G). Then
β ◦ γ1(H1,ζ(H)) must be non-zero, because H1,ζ(G) is generated as a G-representation by
K-fixed vectors. A similar reasoning implies β ◦ γ 6= 0.
Finally, γ̂ ◦ α(Hξ,ζ(H)) = β ◦ γ(Hξ,ζ(H)) 6= 0 implies Bξ,ζ(H) 6= 0. 
Let us go back to the case when G = GL2(Qp) and H = SL2(Qp). Let ψ : GQp → GL2(E)
be an absolutely irreducible crystalline representation with distinct Hodge-Tate weights.
By [26, sec. 5, ex. 1], we have Π(ψ) = Bξ,ζ(G) and Π(ψ)
lalg = Hξ,ζ(G), where ξ and ζ
are determined by the Hodge-Tate weights and Frobenius eigenvalues. The representation
Bξ,ζ(G) is irreducible. If Bξ,ζ(G)|H is also irreducible, then Bξ,ζ(G)|H ∼= Bξ,ζ(H).
Assume Bξ,ζ(G)|H is reducible. Then Bξ,ζ(G)|H ≇ Bξ,ζ(H). The representation γ̂(Bξ,ζ(H))
is the irreducible component of Bξ,ζ(G)|H containing the K-fixed vectors (tensored with Vρ).
The other component can be obtained using a maximal compact subgroup K ′ ⊂ G such that
K ∩H and K ′ ∩H are not conjugate in H .
p-ADIC BANACH SPACE REPRESENTATIONS OF SL2(Qp) 37
References
[1] Ramla Abdellatif. Classification des repre´sentations modulo p de SL(2, F ). Bull. Soc. Math. France,
142(3):537–589, 2014.
[2] Anne-Marie Aubert, Paul Baum, Roger Plymen, and Maarten Solleveld. The local Langlands corre-
spondence for inner forms of SLn. Res. Math. Sci., 3:Paper No. 32, 34, 2016.
[3] Laurent Berger and Christophe Breuil. Sur quelques repre´sentations potentiellement cristallines de
GL2(Qp). Aste´risque, (330):155–211, 2010.
[4] Armand Borel. Admissible representations of a semi-simple group over a local field with vectors fixed
under an Iwahori subgroup. Invent. Math., 35:233–259, 1976.
[5] Christophe Breuil. Invariant L et se´rie spe´ciale p-adique. Ann. Sci. E´cole Norm. Sup. (4), 37(4):559–
610, 2004.
[6] Christophe Breuil and Peter Schneider. First steps towards p-adic Langlands functoriality. J. Reine
Angew. Math., 610:149–180, 2007.
[7] Ana Caraiani, Matthew Emerton, Toby Gee, David Geraghty, Vytautas Pasˇku¯nas, and Sug Woo Shin.
Patching and the p-adic local Langlands correspondence. Camb. J. Math., 4(2):197–287, 2016.
[8] W. Casselman. Introduction to the theory of admissible representations of p-adic reductive groups.
Preprint, available at https://www.math.ubc.ca/~cass/research/pdf/p-adic-book.pdf.
[9] Pierre Colmez. Repre´sentations de GL2(Qp) et (φ,Γ)-modules. Aste´risque, (330):281–509, 2010.
[10] Pierre Colmez. La se´rie principale unitaire de GL2(Qp): vecteurs localement analytiques. In Automor-
phic forms and Galois representations. Vol. 1, volume 414 of London Math. Soc. Lecture Note Ser.,
pages 286–358. Cambridge Univ. Press, Cambridge, 2014.
[11] Pierre Colmez and Gabriel Dospinescu. Comple´te´s universels de repre´sentations de GL2(Qp). Algebra
Number Theory, 8(6):1447–1519, 2014.
[12] Pierre Colmez, Gabriel Dospinescu, and Vytautas Pasˇku¯nas. The p-adic local Langlands correspondence
for GL2(Qp). Camb. J. Math., 2(1):1–47, 2014.
[13] P. Deligne. Les constantes des e´quations fonctionnelles des fonctions L. In Modular functions of one
variable, II (Proc. Internat. Summer School, Univ. Antwerp, Antwerp, 1972), pages 501–597. Lecture
Notes in Math., Vol. 349, 1973.
[14] Gabriel Dospinescu and Benjamin Schraen. Endomorphism algebras of admissible p-adic representations
of p-adic Lie groups. Represent. Theory, 17:237–246, 2013.
[15] Matthew Emerton. p-adic L-functions and unitary completions of representations of p-adic reductive
groups. Duke Math. J., 130(2):353–392, 2005.
[16] Matthew Emerton. Locally analytic vectors in representations of locally p-adic analytic groups. Mem.
Amer. Math. Soc., 248(1175):iv+158, 2017.
[17] Jean-Marc Fontaine and Yi Ouyang. Theory of p-adic Galois Representations. Preprint.
38 DUBRAVKA BAN AND MATTHIAS STRAUCH
[18] S. S. Gelbart and A. W. Knapp. L-indistinguishability and R groups for the special linear group. Adv.
in Math., 43(2):101–121, 1982.
[19] I. M. Gel’fand, M. I. Graev, and I. I. Pyatetskii-Shapiro. Representation theory and automorphic func-
tions, volume 6 of Generalized Functions. Academic Press, Inc., Boston, MA, 1990. Translated from the
Russian by K. A. Hirsch, Reprint of the 1969 edition.
[20] Mark Kisin and Matthias Strauch. Locally analytic cuspidal representations for GL2 and related groups.
J. Inst. Math. Jussieu, 5(3):373–421, 2006.
[21] Jan Kohlhaase. The cohomology of locally analytic representations. J. Reine Angew. Math., 651:187–
240, 2011.
[22] Sascha Orlik and Matthias Strauch. On Jordan-Ho¨lder series of some locally analytic representations.
J. Amer. Math. Soc., 28(1):99–157, 2015.
[23] Vytautas Pasˇku¯nas. The image of Colmez’s Montreal functor. Publ. Math. Inst. Hautes E´tudes Sci.,
118:1–191, 2013.
[24] W. H. Schikhof. A perfect duality between p-adic Banach spaces and compactoids. Indag. Math. (N.S.),
6(3):325–339, 1995.
[25] P. Schneider and J. Teitelbaum. Banach space representations and Iwasawa theory. Israel J. Math.,
127:359–380, 2002.
[26] P. Schneider and J. Teitelbaum. Banach-Hecke algebras and p-adic Galois representations. Doc. Math.,
(Extra Vol.):631–684, 2006.
[27] P. Schneider, J. Teitelbaum, and Dipendra Prasad. U(g)-finite locally analytic representations. Repre-
sent. Theory, 5:111–128, 2001. With an appendix by Dipendra Prasad.
[28] Peter Schneider. Nonarchimedean functional analysis. Springer Monographs in Mathematics. Springer-
Verlag, Berlin, 2002.
[29] Peter Schneider. p-adic Lie groups, volume 344 of Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences]. Springer, Heidelberg, 2011.
[30] D. Shelstad. Notes on L-indistinguishability (based on a lecture of R. P. Langlands). In Automorphic
forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore.,
1977), Part 2, Proc. Sympos. Pure Math., XXXIII, pages 193–203. Amer. Math. Soc., Providence, R.I.,
1979.
[31] Marko Tadic´. Notes on representations of non-Archimedean SL(n). Pacific J. Math., 152(2):375–396,
1992.
[32] A. C. M. van Rooij. Non-Archimedean functional analysis, volume 51 of Monographs and Textbooks in
Pure and Applied Math. Marcel Dekker, Inc., New York, 1978.
[33] A. V. Zelevinsky. Induced representations of reductive p-adic groups. II. On irreducible representations
of GL(n). Ann. Sci. E´cole Norm. Sup. (4), 13(2):165–210, 1980.
p-ADIC BANACH SPACE REPRESENTATIONS OF SL2(Qp) 39
Department of Mathematics, Southern Illinois University, Carbondale, Illinois 62901,
U.S.A.
E-mail address : dban@siu.edu
Department of Mathematics, Indiana University, Rawles Hall, Bloomington, Indiana
47405, U.S.A.
E-mail address : mstrauch@indiana.edu
